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Abstract

An affine partitioning framework unifies many useful pro-
gram transforms such as unimodular transformations (in-
terchange, reversal, skewing), loop fusion, fission, scaling,
reindexing, and statement reordering. This paper presents
an algorithm, based on this unified framework, that maxi-
mizes parallelism while minimizing communication in pro-
grams with arbitrary loop nestings and affine data accesses.

Our algorithm can find the optimal affine partition that
maximizes the degree of parallelism with the minimum de-
gree of synchronizations. In addition, it uses a greedy al-
gorithm to minimize communication between loops heuris-
tically by aligning the computation partitions for different
loops, trading off excess degrees of parallelism, and choosing
pipelined parallelism over doall parallelism if it can signifi-
cantly reduce the communication. The algorithm is optimal
in maximizing the degrees of parallelism that require (1)
no communication, (2) near-neighbor communication and a
constant number of synchronizations, and (3) near-neighbor
communication and O(n) synchronizations where n is the
number of iterations in a loop.

1 Introduction

A large number of compiler algorithms have been proposed
that use loop transformations to maximize loop level paral-
lelism in a program and minimize communication between
processors. Unimodular transformations (equivalent to ar-
bitrary combinations of loop interchange, reversal and skew-
ing) and blocking/tiling (equivalent to unroll-and-jam or
stripmine-and-interchange) are effective for parallelizing per-
fectly nested loops[4, 5, 23, 24, 25]. These transforms are
also useful for improving the data locality on uniprocessors.
These transformations treat the loop body as an atomic
unit, whereas the techniques of loop fusion (jamming) and
loop fission (distribution) can change the composition of the
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loops[16, 19, 22, 25]. Attempts have also been made to op-
timize parallelism and communication across multiple loop
nests. For example, Anderson and Lam’s algorithm can vary
the parallelization scheme to minimize communication, se-
lecting among a choice of parallelizable loops to minimize
communication across loops, aligning the parallel loops to fa-
vor near-neighbor communication, and using pipelined par-
allelism if it eliminates the need for re-distributing entire
data structures[3]. Their approach of first finding paral-
lelism in individual perfectly nested loops before optimizing
across them may introduce synchronizations that are unnec-
essary and can be eliminated[20].

While these algorithms together address many of the im-
portant aspects of automatic parallelization, the approach
of incorporating all these different algorithms into an op-
timizing compiler has its limitations. First, the individual
algorithms have limited applicability; for example, unimod-
ular transforms and blocking can only be applied to per-
fectly nested loops. They are suboptimal; for example, the
distance and direction vectors used to represent data de-
pendences are imprecise. Moreover, the different transfor-
mations interact with each other and should be considered
together so as to handle arbitrary sequences and nestings of
loops properly. Finally, it is a non-trivial engineering task
to get all the algorithms to work together perfectly, and the
heuristic nature of some of these algorithms makes the com-
piler behavior unpredictable.

This paper proposes an algorithm that can achieve the
equivalent of all of the above algorithms within a unified
framework of affine partitions. In a previous paper, we
introduced the concept of an affine partition, which maps
instances of instructions into the time or processor space
via an affine expression in terms of the loop index values
of their surrounding loops[14, 15]. The affine partitioning
abstraction can be used to represent arbitrary combina-
tions of unimodular transforms (interchange, reversal, skew-
ing), reindexing, distribution, fusion, scaling, and statement
reordering[1, 5, 11, 13, 17, 25]. From the affine mappings, a
straightforward mathematical algorithm based on Fourier-
Motzkin elimination[18] can be used to generate the SPMD
(single program multiple data) code. We also showed an
algorithm that finds an optimal affine partition that maxi-
mizes the degree of parallelism in a program while minimiz-
ing the degree of synchronization. The algorithm minimizes
the frequency of communication, but not the volume of com-
munication itself.

This paper shows that this powerful theoretical frame-
work can be used to handle important practical tradeoffs
that must be addressed in a parallelizing compiler. We



present an algorithm based on the affine partitioning frame-
work that minimizes communication by favoring near-neigh-
bor communication over data restructuring and by using
pipelined parallelism if necessary. We have implemented
the basic algorithm in the Stanford SUIF Parallelizing com-
piler, with the aid of the Omega library[21]. We will sub-
stantiate the claim that the algorithm is more powerful by
proving that it can find transformations not derivable us-
ing traditional loop transformation techniques and depen-
dence vectors. We will also show examples of real programs
to demonstrate the generality and effectiveness of our tech-
nique compared to other approaches.

The organization of the paper is as follows. We first in-
troduce the model and definition of the affine partitioning
framework in Section 2. Section 3 shows how to formu-
late three important subproblems in this framework: find-
ing communication-free parallelism, finding pipelined paral-
lelism, and allowing only near-communication across loops.
In Section 4, we present our integrated parallelization algo-
rithm. We discuss related work in Section 5 and illustrate
the generality and effectiveness of the algorithm with three
examples in Section 6. A short summary and concluding
remarks are included in Section 7.

2 Definitions

We first introduce some notations and definitions that we
use in the rest of the paper. We define our model of a pro-
gram, its dependences and finally affine partition mappings.

Throughout the paper, we use the notation v; to repre-
sent the tth element of the vector v, and v;.; to represent
the subvector from the :th to the jth element of vector v.
(vi.; is the empty vector if 1 > j).

2.1 Programs

The domain of our algorithm is the set of sequential pro-
grams with arbitrary nestings and sequences of loops, whose
array indices and loop bounds are affine expressions of outer
loop indices or loop-invariant variables. We capture the in-
formation our algorithm needs in the following abstract rep-
resentation of the program.

Definition 2.1 A programis P =< 8,6, D, F,w,n >, where

e S is the set of instructions. An instructionis an indi-
visible unit such as a simple arithmetic operation on
program variables. Instruction s appears lexically be-
fore instruction s’ iff s <, s'.

e 4, is the depth, or the number of surrounding loops, of
instruction s .

. De(;) = DS(;) +JS is an affine expression derived from

the bounds of the loops that surround instruction s. 7

s

is a valid iteration for instruction s iff D(z) > G. The

iteration vector i is similar to the usual concept of an
“iteration space” vector, designating values for loop in-
dex variables, but also includes entries for the symbolic
constants in the program. Loop bounds containing un-
known variables or non-affine expressions can safely be
ignored.

. TZST(;) = Fzsr(;) + f:sr is an affine expression that
maps an iteration i to an element of array z given by
the rth access function in instruction s. Scalar vari-
ables are treated as an array with one element. A

non-affine array index is handled conservatively by as-
suming that it may take on any value.

® W, 1s true iff the rth access function in instruction s
to array z is a write operation.

® 7)., 1s the number of common loops shared by instruc-
tions s and s’.

2.2 Data Dependences

The access patterns in a program define the constraints of
program transformations. A data dependence set of a pro-
gram contains all pairs of data dependent access functions
in the program and is formally defined below.

Definition 2.2 We define < to be the “lexicographically
less than” operator for program P =< §,6, D, F,w,n > such
that 7 <ssl, 7 iff iteration 1 of instruction s is executed before
iteration ¢ of s’ in P. That is,

Vs,s' €8.VieZ%, i € Z%' sit.
D.(1) >0TAD,(T) >0,
e =
2

1 =g

= (Hm S Nes! s.t.
Uim = le'm A i'm+1 < i;n+1) (1)
\Y (T;1377551 = 7;/1:1755/ As <p 5')

Definition 2.3 The data dependence set of a program
P=<8,6D F,wn>is

(Wzsr \ wzs’r’) A

sst 1)
R=< < Fosry, Froryr > /\(Tzsr(;) — Foarp (’7) = 6)
A(D(?) > 0A D7) > 0))

Definition 2.4 Let R be the data dependence set for pro-
gram P =< §,6,D,F,w,n >. The program dependence
graph for P is G = (V, E), where node vs € V represents
instruction s, and < ve, vy >€ Eiff 3z, r, 1’ s.t.

< TZST7T/ZSITI >€ R.

2.3 Affine Partition Mappings

An affine partition mapping is an affine expression that maps
the dynamic instances of each instruction, identified by their
iteration vector, to a partition number. A space-partition
mapping maps the instances of instructions to processors,
and a time-partition mapping maps the instances of instruc-
tions to iterations in a sequential loop. In the following, we
define affine partition mappings formally and introduce a
few properties used in the algorithms.

Definition 2.5 An m-dimensional affine partition mapping
for instruction s in program P is an m-dimensional affine ex-
pression CIDS(?) = CS;—F Cs (With rational coefﬁcients)7 which
maps an instance of instruction s, indexed by 7, to an m-
element vector. An m-dimensional affine partition mapping
for a program P is ® = [®1, @2, ...®], where k is the number
of instructions in P.

Definition 2.6 The rank of an affine partition mapping for
an instruction s, ®.(i) = Csi + Cs, is the rank of matrix C..
The rank of an affine partition mapping ¢ for a program is



the maximum of the ranks of the affine partition mappings
for its instructions.

Definition 2.7 Two one-dimensional affine partition map-
pings for instruction s, ®.(¥) = C:§ + cs and ®L(y) =

17 + cl, are linearly dependent iff C. and C. are linearly
dependent. Two one-dimensional affine partition mappings
® and @' for program P are linearly dependentiff ®; and
®, are linearly dependent for all instructions s in P.

3 Affine Partitioning Constraints

Our algorithm to maximize parallelism and minimize com-
munication needs to solve three subproblems:

1. Find affine partitions that maximize the synchroniza-
tion-free parallelism in a whole program.

2. Find affine partitions that maximize pipelined paral-
lelism and inner loop parallelism.

3. Find affine partitions that minimize major data re-
structuring and shuffling between strongly connected
components in a program dependence graph.

We show below how we can express simply the necessary
and sufficient constraints on the desired solution within the
affine framework. These constraints can be transformed into
a system of linear inequalities through the use of the Farkas
lemma[18, 7]. The goal of maximizing the degree of paral-
lelism can be achieved by finding the maximally independent
solutions to the constraints, that is, finding the basis vec-
tors of the null space of the linear inequality constraints.
The first two subproblems were discussed in a previous pa-
per, which also described the details of the algorithm to find
solutions to these constraints[14, 15]. This section presents
the background on the first two subproblems and discusses
in detail the third constraint which provides the key to min-
imizing communication across different strongly connected
components.

3.1 Synchronization-Free Parallelism

The most effective way to parallelize a computation is to
divide it into totally independent units, if it is possible, and
assign them to different processors. The processors can all
start to execute in parallel from the beginning and need
not synchronize with each other. The Space-Partition Con-
straint, as defined below, captures precisely the necessary
and sufficient constraint for an affine mapping to divide the
computation into synchronization-free partitions.

Definition 3.1 (Space-Partition Constraint) Let R be the
data dependence set for program P =< 8,6, D, F,w,n >.
An affine space-partition mapping ® for P is synchronization-

free iff
V< Foar,Foups >ER, 1€ Z%, 1 €Z% sit.
D)) >0AD(T) > 0AFour(i) — Fou(i') =0,
D (') — (i) =0 (2)

This constraint simply states that data dependent op-
erations must be placed in the same partition. That is, if
iteration 1 of instruction s and iteration i’ of instruction s’
access the same data, then their mappings ¢, and ¢,/ are

constrained to assign these iterations to the same space par-
tition, i.e. ®,(7') — ®.(7) = 0. Finding the set of highest-
ranked affine mappings that satisfy this constraint maxi-
mizes the degree of synchronization-free parallelism[14, 15].

Operations that access the same read-only data are not
constrained to map to the same partition. It is assumed that
read-only data is replicated and initialized accordingly at the
beginning of the code. Thus, we consider an affine mapping
that is synchronization-free also communication-free.

3.2 Parallelism with O(n) Synchronization

Given a strongly connected component in a program de-
pendence graph with no synchronization-free parallelism,
our second subproblem is to extract the maximum degree
of parallelism possible while permitting only O(n) synchro-
nizations, where n is the number of iterations in a loop.
We formulate the problem as partitioning the computation
into iterations of a legal outer sequential loop, with the ob-
jective that the degree of parallelism is maximized for each
time partition. The Time-Partition Constraint, as defined
below, is the necessary and sufficient constraint of a legal
affine time-partition mapping, that is, a mapping that does
not violate any data dependences.

Definition 3.2 (Time-Partition Constraint) Let R be the
data dependence set for program P =< §,6, D, F,w,n >.
A one-dimensional affine time-partition mapping ® for P is
legal iff

V < Faer, Faatyy >€ R, i ez’ st

icZ
1<ee i A D) >0ADL(T) >0

A fzsr(a - fzs’r’ (?) = 67
(1) —®. () >0 (3)

This constraint simply states that if iteration i of in-
struction s’ depends on iteration 7 of instruction s, then I
must be assigned to a time partition that executes no earlier
than the partition containing i ie. @S/(;') — @S(;) > 0.

The maximally independent solutions to this constraint
can be found by an algorithm similar to the one for finding
solutions to the Space-Partition Constraint[14, 15]. There is
always at least one solution, which corresponds to the orig-
inal sequential execution order. If there are m independent
solutions, then the program has at least m — 1 degrees of
parallelism that requires O(n) synchronization. Moreover,
the m — 1 degrees of parallelism available can be pipelined,
which means that processors only need to synchronize and,
in most cases, communicate with their neighbors. Block-
ing can be used to reduce the frequency and volume of the
communication.

One way to implement pipelined parallelism is to use
any m — 1 of the legal time partitions as components of an
(m — 1)-dimensional space partition, and use the remaining
legal time partition to serialize the computation assigned to
each processor. With this scheme, data only flow from space
partitions with lower partition numbers to higher ones. This
is but one solution; reversing the space partition assignment,
for example, will yield an equivalent pipelining solution. We
can include such partitions in the solution space by simply
modifying the (DS/(Z') — @S(;) > 0 condition in the Time-
Partition Constraint to allow also @S/(?) — CDS(;) <0.

This extra degree of freedom is useful if we wish to min-
imize communication across several pipelined loops that ac-



cess data in opposite directions. Simple code inspection is
usually sufficient to determine the preferable order in which
to number the partitions.

3.3 Near-Neighbor Communications Across Components

When we minimize synchronization, we minimize the fre-
quency, but not the volume, of communication. For exam-
ple:

Example 1: Original Code
FORi=1toN
FORj=1toN
Blij] = f(Afi]) (s1)
FORi=1toN
FORj=1toN
CliJ] = g(BlLl, Blij-1), Bli-1])  (52)
FORi=1toN
FORj=1toN
DIij] = h(B[,i]) (s3)

Each of the three loops in this example has two degrees of
parallelism. Because of the accesses of B[i,j], B[i,j-1]1,
B[i-1,j]in the second loop, the processors need to synchro-
nize after executing the first loop in parallel. The amount of
communication transferred between processors is highly sen-
sitive to how the computation is distributed across the pro-
cessors. For this example, it is desirable that the same pro-
cessor be responsible for writing to the locations of B[1, j],
C[i,j] and D[j,i]. In addition, by assigning two-dimen-
sional blocks of contiguous iterations to the same physical
processor, each processor operates on a block of the B ma-
trix and only the boundaries of the block need to be com-
municated between neighboring processors. In contrast, if
the same processor were assigned the iterations that write to
B[i,j] and D[1i,j], the entire matrix B must be transposed.
Data restructuring of this sort is much more expensive than
just transferring the boundaries of blocks of data between
neighbors.

To develop an affine partitioning algorithm that favors
near-neighbor communication over complete date restruc-
turing, we need to define a constraint that distinguishes
between the communication needs of different affine par-
titions:

Definition 3.3 (Near-Neighbor-Communication Constraint)
Let R be the data dependence set for program P =< §,46, D,
F,w,n >. An affine space-partition mapping ® for P re-
quires near-neighbor communications across components iff

Vs, s' in different strongly connected components
V< Foar,Fosiy SERIYEZVI € Z% 7 € 2% sit.
D.(i) > OAD(i") > OA Foer (i) = Fourn(i') = G,
0¥y - 0.(0) = 4

This constraint states that dependent operations from
different strongly connected components must be mapped
to partitions separated by a fixed constant. In most pro-
grams, these constants are small, and if we assign blocks of
contiguous partitions to the same processor, only a small
of data need to be communicated between neighbors. This
constraint can be solved using the same algorithm as that
for solving the Space-Partition Constraint. Note that if the
constraint can be solved with all the v’s set to 0, then the
solution is a communication-free affine partition.

3.4 Doall Parallelism with Near-Neighbor Communication

By adding the Near-Neighbor-Communication Constraint to
the Space-Partition Constraints for each strongly connected
component, we reduce the solution space to those affine par-
titions that parallelize the program using only O(1) syn-
chronizations and near-neighbor communication. By for-
mulating the parallelization and communication minimiza-
tion constraints all in the affine framework, we can use the
same solution technique to find among all the possible paral-
lelization schemes the one that requires only near-neighbor
communication.

For example, if we apply this technique to Example 1 in
Section 3.3, we get the desired affine partitions as discussed

above:
_ | _ | |
S HEEHESH

Only a small portion of array B needs to be communi-
cated it blocks of partitions are assigned to the same pro-
cessor. Assuming that there are NP1 x NP2 processors, and
that the processor ID is (p1,p2), a straightforward algo-

rithm based on Fourier-Motzkin will directly translate the
blocked partitions to the following SPMD code:

Example 1: SPMD Code
bl = ceiling(N / NP1), b2 = ceiling(N /
FOR u = (bl * pl 4 1) to min(bl * (pl
FOR v = (b2 * p2 4+ 1) to min(b2 * (p2 4+ 1), N)
Blu,v] = f(Afu,v])
[synchronization]
FOR u = (bl * pl 4 1) to min(bl * (pl + 1,
FOR v = (b2 * p2 4+ 1) to min(b2 * (p2 4+ 1), N)
Cluv] = g(Bluv], Blu,v-1], Blu-1,v]
FOR u = (bl * pl 4+ 1) to min(bl * (pl + 1
FOR v = (b2 * p2 4+ 1) to min(b2 * (p2 4+ 1), N)
D[v,u] = h(B[u,v])

3.5 Pipelined Parallelism with Near-Neighbor Communi-
cation

If we cannot find a parallelization scheme that uses only
near-neighbor communication by synchronizing O(1) times,
it is often more preferable to introduce slightly more syn-
chronizations than to introduce data restructuring. The use
of pipelining offers more opportunities to find parallelism
that uses only near-neighbor communication while incur-
ring only O(n) synchronizations. Recall that a strongly
connected component has pipelined parallelism if there is
more than one solution to its Time-Partition Constraint.
If, in addition, we can find one solution that satisfies the
Time-Partition Constraint as well as the Near-Neighbor-
Communication Constraint with other strongly connected
components, it corresponds to a space partition that requires
only near-neighbor communication.

Let us use a simple example from an ADI (Alternating
Direction Implicit) integration algorithm to illustrate the
usefulness of pipelining.

Example 2: Original ADI Code
FORi=0to N
FORj=1toN
AfiJ] = f(AfL]], AfiJ-1]) (81)
FORi=1toN
FORj=0to N
AliJ] = g(AlLl, A[-1,j]) (82)

It is obvious that we can parallelize the i-dimension of the
first loop and the j-dimension of the second loop. Such a
parallelization scheme, however, requires transposing the ar-
ray A across the processors at the end of the first loop. If
we pipeline the i-dimension of the second loop instead, only



a small amount of near-neighbor communication is neces-
sary. This scheme can be found simply by solving for an
affine partition that satisfies the Time-Partition Constraint
for each loop and the Near-Neighbor-Communication Con-
straint across the loops.

For this ADI example, our algorithm finds two solutions
that satisfy the Time-Partition Constraints for both loops
and the Near-Neighbor-Communication Constraint:

o' ={o; =i, ¢; =1}
0% = {&] = j, &3 =}

We can distribute either the ¢ or the 7 dimensions of the
two loops. We cannot distribute both dimensions because
there is only one degree of parallelism in each loop. If we
choose to distribute the i dimension in each loop, the sec-
ond loop is pipelined. By assigning a block of contiguous
partitions to tEe same processor, each processor only needs
to transfer a fraction of a row of matrix A to its neighbor.
Assuming that there are NP processors and that p is the

processor id, the SPMD code generated for this example is:

Example 2: SPMD Code
b = ceiling((N+1)/NP)
FORj=1toN
FORi= (b*p)tomin(b*(p+1)-1,N)
AlLj] = HAL], AlLj-1])
FORj=0to N
[synchronization: wait for processor p-1 to finish iteration j]
FOR i = max(b * p, 1) tomin(b * (p + 1) - 1, N)
AlL] = g(AlL], A1)
[synchronization: signal processor p+1 that iteration j is done]

4 The Algorithm

We can maximize parallelism and minimize communication
by applying a succession of affine partitioning algorithms
that allows more and more communication until sufficient
parallelism is found. Such an approach, however, would be
quite inefficient because as more communication is allowed,
the constraints become more relaxed, and some of the same
constraints are solved over and over again.

Our algorithm instead uses a recursive-descent approach
to find the outermost parallelism available in each strongly
connected component in the program, and incrementally
adds more and more constraints to reduce the communi-
cation requirements starting from the inner levels of paral-
lelism identified.

Algorithm 4.1 Maximize the degree of parallelism in a
program dependence graph while minimizing communica-
tion.

Step 1: Break the dependence graph into strongly con-
nected components.

Step 2: For each strongly connected component, solve
its Space-Partition Constraint to find a non-trivial affine
partition that yields communication-free parallelism.

Step 3: Determine if the graph can be parallelized with
only O(1) synchronization and near-neighbor communica-
tion. That is, find non-trivial communication-free affine
partitions for all components that also satisfy the Near-

Neighbor-Communication Constraint across the components.

Step 4: Skip to the next step if the answer to Step 3 is
yes. This step looks for pipelined parallelism as well as inner

loop parallelism if necessary, and avoids restructuring data
between parallel loops.

1. For each strongly connected component, solve for affine
partitions that satisfy its Time-Partition Constraint.
If there are multiple independent solutions, the com-
ponent can be pipelined. Note that a component may
have both synchronization-free and pipelined paral-
lelism. If a component has neither form of parallelism,
it is a sequential loop. If the sequential loop contains
other loops, recursively apply this algorithm to the de-
pendence graph of its loop body to seek parallelism at
an inner level.

2. If two or more strongly connected components in the
dependence graph is found to contain parallelism, ap-
ply the following to minimize the need for restructur-
ing data between components.

We create a DAG (directed acyclic graph) whose nodes
are the strongly connected components in the depen-
dence graph and whose edges are the data dependen-
ces across the parallelizable regions of the components.
The edges are weighted by the estimated volume of
data shared. Since these weights are used only in pri-
oritizing the order in which the dependences are con-
sidered, they need not be computed precisely.

We observe that node nz can be executed immediately
after n if and only if n; does not depend on ns and
there does not exist a distinct node m such that m
depends on n; and nz depends on m. From among
all the edges connecting pairs of nodes that can be
run consecutively, we select the one with the greatest
weight and remove it from the graph. We construct
the Near-Neighbor-Communication Constraint for this
data dependence edge and use it to constrain the affine
partitions found for the two nodes. We succeed if non-
trivial solutions exist for the nodes, and we require
these two nodes be executed consecutively. We capture
this requirement by creating a super node to contain
these two nodes, unless such a node already exists. The
super node inherits all the dependence edges that con-
nect these two nodes with external nodes. However, if
the internal nodes depend on the same external node
due to the same data structure, only the edge from
the earlier node is kept; similarly, if an external node
depends on both of the internal nodes due to the same
data structure, only the edge to the latter node is kept.
We iterate this process of selecting a data dependence
edge from the DAG to constrain the affine partitions
for the nodes until all the dependences in the graph
are considered.

If the affine partitions found still contain multiple de-
grees of parallelism, we can reduce the need for data
replication by considering the sharing of read data. A
similar procedure adapted from the above can be used.

Step 5: This step tries to eliminate some of the near-
neighbor communication found above, using a greedy algo-
rithm similar to that in Step 4. Again, we use the amount
of data shared by the strongly connected components to or-
der our attempts to reduce near-neighbor communication.
Affine partitions that satisfy the Near-Neighbor Communi-
cation Constraint may map iterations related by a data de-
pendence to partitions that are some fixed constant apart.



Here we try to find affine partitions that can satisfy the ad-
ditional constraint that the constant be zero. If we succeed,
then no communication is necessary.

Step 6: We generate a sequential ordering for the strongly
connected components in the program dependence graph by
visiting the nodes in the DAG obtained above in topological
order. Each super node is expanded (recursively) into a
sequence that satisfies the dependences.

Although the algorithm above uses a relatively simple
greedy approach in Steps 4 and 5 to minimize communica-
tion, it has the following important properties:

1. If aprogram can be parallelized with only near-neighbor
communication and O(1) synchronizations, Step 3 of
the algorithm will find the maximum degrees of such
parallelism.

2. If a program can be parallelized with only near-neighbor
communication and O(n) synchronizations, Step 4 of
the algorithm will find the maximum degrees of such
parallelism.

3. If a program can be parallelized without requiring any
synchronizations at all, Step 5 of the algorithm will
find the maximum degrees of such parallelism.

5 Comparison with Other Algorithms

The affine partitioning framework unifies a large number
of previously proposed loop transformations, including uni-
modular transformations (interchange, reversal, skewing),
reindexing, distribution, fusion, scaling, and statement re-
ordering[1, 5, 11, 13, 17, 25]. We have a provably opti-
mal algorithm that finds the affine transform that maxi-
mizes the degree of parallelism while minimizing the degree
of synchronization[14, 15]. It is thus more powerful than
previous approaches that use heuristics or pre-defined se-
quences of transforms to optimize code[16, 19, 22, 25]. It
also subsumes previous work that uses unimodular trans-
forms to maximize coarse-grain parallelism[23, 24]. Unimod-
ular transforms are applicable only to perfectly nested loops
and they models entire loop bodies as atomic units, whereas
the affine partitioning framework is applicable to arbitrary
sequences and nests of loops and it can optimize instruc-
tions in a loop individually. The affine partitioning frame-
work captures the dependences of affine accesses precisely, in
contrast to the imprecise abstractions of distance and direc-
tion vectors used in most loop transformations. Algorithms
based on loop-transformation generally translate sequential
loop nests into first semantically equivalent sequential loop
nests. Our approach of generating the parallel SPMD code
directly can produce more intricate parallelization schemes.

Anderson and Lam proposed a two-step data and com-
putation decomposition algorithm to optimize across mul-
tiple loop nests[3]. Their algorithm first applies unimod-
ular transformation to expose the parallelism in perfectly
nested loop nests, then aligns and chooses the parallelism
to minimize communication. This latter step also prefers
near-neighbor communication and pipelined parallelism over
data restructuring, and uses a greedy approach to minimize
communication cost when necessary. In contrast, we have a
more general and powerful algorithm that optimizes across
sequences and nests of loops. It is guaranteed to find the
best affine partition that maximizes the degree of parallelism

requiring (1) no communication, (2) O(1) synchronization
and near-neighbor communication, and (3) O(n) synchroni-
zation and near-neighbor communication. Unlike Anderson
and Lam’s algorithm, our algorithm will also re-order the
execution of parallel loops to minimize data restructuring.

Kodukula et al. proposed the idea of data shackling
whereby a compiler uses the owner-compute rule to dis-
tribute a program with arbitrary loop nests and sequences
according to the user’s data distribution directives[12]. In
contrast, our algorithm does not require any user input. It
finds automatically the optimal distribution of computation
from partitioning constraints that minimizes both the fre-
quency and volume of communication. The data distribu-
tions are not explicitly computed in our algorithm. How-
ever, once the computation partitioning is derived, it is easy
to generate the data distributions expected for each section
of the code. The data distributions we generate are more
flexible as they may change dynamically.

There have also been other proposals to use affine trans-
formations for parallelization. Feautrier has developed an
algorithm that finds a piece-wise affine schedule to mini-
mize the overall execution time of a program[7, 8]. Heuris-
tics based on parametric integer programming are used to
minimize the dimensionality of time. This problem formu-
lation specifies when but not where each instruction is exe-
cuted. Communication is not modeled and must be handled
by postpass techniques[9]. Also, while translation from the
original program to SPMD code is straightforward in our
framework, it is nontrivial to translate the piece-wise affine
schedules into parallel code.

Attempts have also been made to derive affine schedules
that expose coarse-grain parallelism. Darte proposed an al-
gorithm for detecting permutable loops for the restricted
domain of perfectly nested loops[6]. Kelly and Pugh’s algo-
rithm finds one dimension of parallelism for programs with
arbitrary nestings and sequences of loops[10]. Their reper-
toire of program transforms include loop permutations and
reversals, but not loop skewing. The exclusion of loop skew-
ing enables them to enumerate all the possible transforma-
tion choices and select the one with the lowest estimated
communication cost.

6 Experiments

In this section, we use a set of three examples to illustrate
the generality and effectiveness of our affine partitioning
framework. First, we show that our new algorithm min-
imizes communication across multiple loops and creates a
result equivalent to applying a series of state-of-the-art al-
gorithms. Then, we demonstrate how our algorithm derives
the best transform readily from our mathematical model
for cases that other techniques would find difficult to opti-
mize. Finally, we use the third example to substantiate the
claim that the algorithm is more powerful by proving that
it can find transformations not derivable using traditional
loop transformation techniques and dependence vectors.

6.1 Communication Across Loops

We first illustrate how our algorithm minimizes communica-
tion, using the Tomcatv program from the SPEC95fp bench-
mark as an example. We include the entire kernel of the
code here to illustrate all the practical issues that must be

handled.

RXM(ITER)

0.D0
RYM(ITER) = 0.D0



M=N-1
DO 60 J=2M (L1)
c
DO 50 I=2M (L2)
XX = X(I+1,J)-X(I-1,J)
YX = Y(I+1.J)-Y(1-1.J)
XY = X(I,J+1)-X(1,3-1)
YY = Y(I,J+1)-Y(1,3-1)
A =0.25D0 * (XY*XY+YY*YY)
B = 0.25D0 * (XX*XX+YX*YX)
C =0.125D0 * (XX*XY+YX*YY)
AA(1J) = -B
DD(1,J) = B4+B+A*REL
PXX = X(I+1,1)-2 DO*X(1,J)+X(I-1,J)
QXX = Y(I+1,J)-2.D0*Y(I,J)+Y(I-1,J)
PYY = X(I, J+1) 2.DO*X(L,3)+X(1,3-1)
QYY = Y(I,J41)-2.D0*Y(L,J)+Y(1,J-1)
PXY = X(I+1,J41)-X(T+1,J-1)-X(I-1,J41)+X(I-1,J-1)
QXY = Y(I+1,J41)-Y(I4+1,3-1)-Y(I-1,3+ 1)+ Y(1-1,3-1)
c

C CALCULATERESIDUALS (EQUAL TO RIGHT HAND SIDES.)
c
RX(I,J) = A*PXX+4B*PYY-C*PXY
RY(I,J) = A*QXX+B*QYY-C*QXY
c
50 CONTINUE
60 CONTINUE
c
C DETERMINE MAXIMUM VALUES RXM, RYM OF RESIDUALS
c

DO 8 J=2M (L3)

DO 8 I=2M (L4)
RXM(ITER) = MAX(RXM(ITER), ABS(RX(L,J)))
RYM(ITER) = MAX(RYM(ITER), ABS(RY(I,J)))

80 CONTINUE

SOLVE TRIDIAGONAL SYSTEMS (AA DD, AA)
IN PARALLEL, LU DECOMPOSITION

aaaan

DO 90 I=2M (L5)
D(1,2) = 1.D0/DD(I,2)
90 CONTINUE

DO 100 J=3M (L6)
DO 100 I=2M (L7)
R = AA(1,J)*D(1,J-1)

D (1,J) = 1.D0/(DD(1,J)-AA(I,J-1)*R)
RX(I,J) = RX(I,J) - RX(I,J-1)*R
RY(1,J) = RY(I,J) - RY(I,J-1)*R
100 CONTINUE
DO 110 I=2M (L8)
RX(I,M) = RX(I,M)*D(I,M)
RY(I,M) = RY(I,M)*D(I,M)
110 CONTINUE

DO 120 J=DN-22-1 (L9)
DO 120 I=2M (L10)
RX(I1,J) = (RX(I,J)-AA(LJ)*RX(1,J+1))*D(1,J)

g RY(1,J) = (RY(I,J)-AA(I,J)*RY(I,J+1))*D(L,J)

120 CONTINUE

c

C  ADD CORRECTIONS OF ITER ITERATION

c
DO 130 J=2M (L11)
DO 130 I=2M (L12)

X(1,J) = X(1,J)+RX(1,J)
Y(1,3) = Y(1,J)+RY(I,J)
130 CONTINUE
c
ABX
ABY

ABS(RXM(ITER))
ABS(RYM(ITER))

The compiler must first apply well-known parallelization
techniques such as algorithms to recognize reductions and
private variables to minimize the dependences in the pro-
gram. There are, for example, many privatizable scalar vari-
ables in the first loop nest (L1-L2) and reduction operations
in the second nest (L3-L4).

Our affine partitioning algorithm starts by constructing
the dependence graph for this program and dividing it into

strongly connected components. In the second step, the al-
gorithm solves the Space-Partition Constraint for each com-
ponent, and finds at least one degree of communication-free
parallelism for every instruction in a loop. In step three,
the algorithm finds that parallelizing the :-dimension of all
the loops in the program requires only near-neighbor com-
munication. The algorithm thus skips the fourth step. Step
five places all but the last loop nest (L11-12) and opera-
tions not nested in any loops into one communication-free
region. Thus, only one synchronization needs to be in-
troduced before the last loop nest. Note that the loops
L3-L4 are parallelized by recognizing that the updates to the
RXM(ITER) and RYM(ITER) are reduction operations. Each
processor accumulates to its private version of RXM(ITER)
and RYM(ITER). The results are combined at the end of the
communication-free region, after the one synchronization
operation in the loop.

This parallelization scheme is similar to that obtained
by applying a combination of unimodular transforms, An-
derson and Lam’s data and computation distribution algo-
rithm, followed by Tseng’s barrier synchronization elimina-
tion algorithm. Near perfect speedup was obtained with
this scheme[2]. The difference between this algorithm and
the previous approach is that here we use one unified frame-
work to parallelize the code and minimize the synchroniza-
tion and communication at the same time.

6.2 Imperfectly Nested Loops

To illustrate how our algorithm outperforms other tech-
niques in handling imperfectly nested loops and sequences of
loops, we have chosen as our second example the Cholesky
subroutine from the SPEC92 nasa7 benchmark.

DO1J=0N (L.1)
10 = MAX (-M, -J)

DO 21=10,-1 (L2)
DO3JI=10-1,-1 (L3)
DO 3 L = 0, NMAT (L4)

3 A(LLI) = A(L,1J) - A(L,III4+J) * A(L,1+33,J)
DO 2 L = 0, NMAT (L5)

2 A(LLI) = A(L,LJI) * A(L,0,14+J)
DO 4 L = 0, NMAT (L6)
4 EPSS(L) = EPS * A(L,0,J)
DO 5 JJ =10, -1 (L7)
DO 5L = 0, NMAT (L8)
5 A(1,0,J) = A(L,0,J) - A(L,JJ,J) ** 2
DO 1L = 0, NMAT (L9)
1 A(L,0,J) = 1. / SQRT ( ABS (EPSS(L) + A(L,0,3)) )
DO 61 = 0, NRHS (L10)
DO7K =0, N (L11)
DO 8 L = 0, NMAT (L12)
8 B(LL,K) = B(LL,K) * A(L,0,K)
DO 733 = 1, MIN (M, N-K) (1.13)
DO 7 L = 0, NMAT (L14)
7 B(LL,K+JJ) = B(LL,K+JJ) - A(L,-JJ,K+JJ) * B(L,L,K)
DO6K =N,0,-1 (L15)
DO 9 L = 0, NMAT (L16)
9 B(I,L,K) = B(ILL,K) * A(L,0,K)
DO 6 3] = 1, MIN (M, K) (L17)
DO 6 L = 0, NMAT (L18)
6 B(I,L,K-JJ) = B(I,L,K-JJ) - A(L,-JJ K) * B(I,L,K)

This code consists of 18 irregularly nested loops with some
computation nested inside as many as 4 loops. The affine
partitioning algorithm maps the entire computation onto
NMAT+1 totally independent partitions, by assigning to pro-
cessor P all the computation involving data A[P,*,*],
B[*,P,*] and EPSS[P]. The SPMD code with P as the pro-
cessor 1D is shown below.



DO1J=0 N
10 = MAX (-M, -J)

DO 21=10, -1
DO3JI=10-1, -1
A(PLI) = A(PLJ) - A(PIII4I) * A(P,1+3,J)
A(PL,J) = A(P,LJ) * A(P,0,14+J)

[SCR]

4 EPSS(P) = EPS * A(P,0,J)
DO 5 JJ =10, -1
5 A(P,0,J) = A(P,0,J) - A(P,JJ,J) ** 2
1 A(P,0,J) = 1. / SQRT ( ABS (EPSS(P) + A(P,0,J)) )

DO7K =0,N
8 B(L,PK) = B(IL,P,K) * A(P,0,K)
Do 7J3 =1, MIN (M, N-K)

B(L,P,K+JJ) = B(LP,K+JJ) - A(P-JJ,K+3J) * B(I1,P,K)

-1

DO6K =N, 0, -1

9 B(L,PK) = B(L,P,K) * A(P,0,K)
DO 6 JJ = 1, MIN (M, K)
6 B(L,P,K-JJ) = B(I,P,K-JJ) - A(P,-JJ K) * B(LP,K)

The resulting code does not require any synchronization
operations. If we just analyze the last loop nest (loops L10
to L18) in the program, we observe that there are in fact
NRHS x NMAT independent partitions. That is, we can as-
sign to processor (P1,P2) all computation that operates on
data B(P1,P2,*). However, when we consider the compu-
tation and usage of the array A in the rest of the program,
we find that there is only one degree of communication-
free parallelism in the entire program. This parallelization
scheme is achieved by assigning all the computation involv-
ing B[*,P,*] to processor P.

Although the parallelization scheme found by our algo-
rithm appears to be very simple, as far as we know, no
other compiler can generate this scheme fully automatically.
Algorithms based on unimodular transforms cannot handle
the arbitrary nestings of loops directly. It is not possible
to choose the right loops to parallelize by analyzing the in-
dividual perfect subnests separately. For this example, a
unimodular transformer will parallelize the L10 loop as it
is an outermost loop. It can interchange the loops in the
two perfect nests (L13 and L14) and (L17 and L18), but it
would fail to recognize the possibility of parallelizing all the
L loops within the loop nest L10 to L18.

Because of the weakness of unimodular transformations,
Anderson and Lam’s algorithm cannot find the perfect par-
allelization scheme for this example. If the user specifies
that arrays A and B are to be distributed along the first and
second dimensions, respectively, then Kodukula et al.’s data
shackling algorithm would generate a similar parallel code.
Our algorithm, on the other hand, can find this mapping
fully automatically.

Theoretically, we can achieve the desired effect via re-
peated applications of unimodular transforms and loop fu-
sion. As this example shows, it is sometimes necessary to
apply interchanges and fusions alternatively, and the num-
ber of transforms that need to be applied varies with the loop
depth in the program. It is difficult to imagine any algorithm
based on a pre-determined sequence of loop transforms can
obtain such a transform. Our affine partitioning algorithm
can find the best combination of unimodular transforms, fu-
sion and fission, data and computation decompositions and
barrier synchronization elimination. It is simpler and more
effective than previous techniques.

To quantify the significance of our algorithm, we par-
allelized the Cholesky routines using three different tech-
niques:

1. unimodular transform,

2. Anderson and Lam’s data and computation decom-
position followed by Tseng’s barrier synchronization
elimination algorithm, and

3. our affine partitioning algorithm.

The parallelized loops are block distributed among the
processors in all the three cases, and all the loops are re-
structured so that the array A is accessed with unit strides
to enhance uniprocessor locality.

The parallelized codes were run on a Digital Turbolaser
with 8 300-Mhz 21164 processors. The performance results
are presented in Figure 1. The code parallelized with uni-
modular transforms has about a 2-times speedup on 4 pro-
cessors and the performance degrades as the number of pro-
cessors increases to 8. The second scheme is slightly better
than the first because it manages to eliminate some bar-
rier synchronizations in the parallelized code. However, it
fails to find the communication-free partition and its per-
formance suffers from having to transpose the array A. Our
affine partitioning algorithm achieves an impressive speedup
of 6.2 times on 8 processors by eliminating all synchroniza-
tion and communication between processors.
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Figure 1: Performance for Cholesky in the SPEC92 NASA7

benchmark

6.3 Strength of the Affine Partitioning Approach

Finally, we show, by way of a 4-line example, how our new
approach can produce solutions that cannot be derived using
techniques based on dependence vectors and sequences of
legal transformations.

FORL1 =1to N
FORL2=1to N

A[L1,L2] = £(B[L1,L2])

C[L1,L2] = g(A[L2 L1))

In this example, the first instruction simply applies the func-
tion f to each element in B and assigns the result to the cor-
responding element in A. The second instruction, however,
is more complicated. It applies g to the old values in the
upper left triangle of matrix A and the new values in the
lower right triangle. The results are assigned to matrix C.



Since all the accesses are affine functions, the paralleliza-
tion constraints are represented perfectly in our affine parti-
tioning algorithm. The constraints for synchronization-free
parallelization require that all operations using the same
data be assigned to the same processor; that is, the (L1,L2)
operation of instruction 1 must be paired with the (L2,L1)
operation of instruction 2. The algorithm is able to find
rank-2 affine mappings for both instructions that satisfy the
Space-Partition Constraint, thus exposing 2 degrees of par-
allelism. Let p = (p1, p2) be the processor id, then we have

[Z; :| = [ (1) (1) :| [ é% :| for instruction 1, and

[Z; :| = [ (1) (1) :| [ é% :| for instruction 2.

The code generation phase produces an SPMD program
parameterizetf by processor id p1,p2. The routine first gen-
erates the loop bounds for each individual instruction, then
merges the bounds such that the computation on each pro-
cessor preserves the original sequential execution order. The
algoritﬁm automatically determines that the critical condi-
tion for instruction 2 to come before instruction 1 is p1>p2.
The algorithm correctly inverts the execution order of -
structions 1 and 2 for the portion of the computation that
involves the upper triangle of the array, so that the appro-
priate old values are read before they are overwritten. The
resulting SPMD program is:

IF pl < p2 THEN
Alpl,p2] = £(B[pl,p2])
Clp2,p1] = g(Alp1,p2])

ELSE
C[p2,p1] = g(A[pl,p2])
Alpl,p2] = £(B[pl,p2])

It is important for this example that the dependences of
affine data accesses be captured exactly. Had the traditional
dependence vectors been used, the dependences would have
been represented as [<, *], which would have rendered the
entire loop unparallelizable. The non-trivial SPMD code
produced for this example also illustrates the generality and
power of the algorithmic code generation technique.

More importantly, by directly solving the affine map-
pings for individual instructions, we can find parallelism
that is not achievable via a sequence of legal loop trans-
forms. For this example, the surrounding loops of the sec-
ond instruction are interchanged while the first instruction
is left unchanged. We cannot achieve this in the unimod-
ular transform approach because it models each loop body
as an atomic unit. Loop distribution is sometimes applied
to create different loop bodies so that they can be manip-
ulated separately, and fusion may be applied afterwards to
put them back together. In this case, it is illegal to distribute
the loop even if the dependences had been represented per-
fectly. Thus, not only is it difficult to find the right sequence
of transformations to apply to a program, there may not
exist a sequence of legal transformations that achieves the
same effect.

7 Summary and Conclusions

This paper presents an algorithm based on the affine par-
titioning framework that maximizes parallelism while min-
imizing communication. Our previous paper showed how
to maximize the degree of parallelism while minimizing the
degree of synchronizations. This paper presents an algo-
rithm that minimizes communication between parallel loops

using the affine partitioning framework. The algorithm pre-
sented in this paper subsumes previous work that uses loop
transforms (unimodular, loop fusion, fission, scaling, rein-
dexing, and statement reordering) as well as previous data
and computation distribution and barrier synchronization
elimination algorithms.

We make a distinction between expensive communica-
tion that restructures data such as transposing an array
across processors and cheap communication that shifts small
amounts of data between neighboring processors. We intro-
duce the notion of a Near-Neighbor-Communication Con-
straint to capture the conditions under which affine parti-
tions require only near-neighbor communications across par-
allel loops. We can maximize parallelism and minimize com-
munication simultaneously by simply solving for affine par-
titions that satisfy both the Near-Neighbor-Communication
Constraint and the parallelization constraints.

Our algorithm first tries to expose the outermost lev-
els of parallelism in the program, then uses a greedy ap-
proach that incorporates the communication constraints in
decreasing order of importance. This simple procedure ac-
complishes several important tradeoffs. It may choose not
to parallelize a loop if there are other alternatives that need
less communication. It assigns the computation to proces-
sors in a way that minimizes communication across parallel
loops. Finally, it will even use pipelining, which may in-
crease the number of synchronizations, to avoid expensive
data-restructuring communication. Although heuristics are
used in our algorithm, it is optimal in maximizing the de-
grees of parallelism that require (1) no communication, (2)
O(1) synchronizations with only near-neighbor communica-
tion and (3) O(n) synchronizations with only near-neighbor
communication.

We illustrate the advantages of our algorithm using three
carefully chosen examples. The Tomcatv example shows
that our integrated algorithm can match the result gener-
ated by a series of state-of-the-art algorithms. The Cholesky
example illustrates the algorithm’s unique ability to find the
best transform for programs with non-perfect loop nesting
automatically. Finally, a small artificial example shows how
our algorithm can find transforms that cannot be derived as
a legal sequence of traditional loop transforms.
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